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Summary
In solving optimization problems on graphs, graph
decomposition is considered to be a powerful tool for obtaining
efficient solutions for these problems. Totally decomposable
graphs with respect to some method of graphs decomposition are
relevant to many different areas of applied mathematics and
computer science. There is a considerable number of results in
this area. The goal of this paper is to survey the state of art of the
famous methods of graphs decomposition and their totally
decomposable graphs.
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1. Introduction
In several domains of scientific activities, the efficient
solution of a problem P is obtained by dividing the initial
problem into sub-problems, then finding a solution for
each one and finally constructing a solution for the initial
problem from the obtained solutions of these subproblems.
When a problem P is represented by a graph G, the above
procedure can be used as follows: First, divide G into a set
H of subgraphs Then apply a solution for each sub-graph
in H and finally deduce the solution of P from the obtained
solutions of each graph in H. Frequently the set H can be
obtained by applying recursively to G one or more
operators of decomposition.
Thus, the existence and the efficiency of a solution of
problem P using the previous procedure depend on three
issues:
1.

2.
3.

Is it possible to decompose G efficiently into a set
H of subgraphs? We recall that several problems
of graphs decomposition are NP-complete
(partition into forests, cliques, isomorphic
subgraphs etc [GJ79]).
What is the complexity of a solution of P for a
graph of H?
How and with which complexity can we deduce
the solution of P for G from the given solutions of
subgraph in H?

Manuscript received January 5, 2010
Manuscript revised January 20, 2010

A popular approach to graph decomposition involves
associating with a given graph G a rooted tree T(G) whose
internal nodes correspond to the operators of
decomposition that are applied and whose leaves
correspond to certain subgraphs of G (e.g. vertices, edges,
cliques, stable sets, cutsets). Of a particular interest are
graphs for which the following conditions hold :
a)

T(G) can be obtained efficiently, that is, in time
polynomial in the size of G;
b) The tree T(G) is unique (up to isomorphism). This
exclusively will permit to transfer the difficulty of
recognition problem of G to the verification of a
set of properties that concern T(G).
Tree representation satisfying the conditions mentioned
above have been obtained for several classes of graphs
including the cographs [CPS85], interval graphs [BL79],
chordal graphs [Gol80], maximal outerplaner graphs
[BJM78], P4- reducible graphs [JO89], P4-extendible
graphs [JO91], P4-sparse graphs [JO92], among many
others. One of the best exponents of graphs are those that
are totally decomposable. A graph G is totally
decomposable with respect to the operators of
decomposition that are used if it can be decomposed to its
vertices by a finite sequence of some of these operators. In
this case the set of leaves of T(G) is the set of vertices of
G. In the majority of cases we consider that a problem P
has a trivial solution for the singletons, consequently the
difficulty of the solution of P is subject to points 1 and 3
above.
The purpose of this paper is to present the state of the art
about the most known methods of graph decomposition
and the classes of graphs that are totally decomposable
with respect to these methods.
The paper is organized as follows : In the rest of this
section, we are giving the basic concepts to be used
throughout this paper. Section 2 presents the modular
decomposition and cographs.. Section 3 presents the
homogeneous decomposition, P4-reducible graphs and P4sparse graphs. Section 4 presents split decomposition and
completely separable graphs.
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The set of vertices of a graph G is denoted by V(G) and the
set of its edges by E(G), (or simply V and E respectively)
with cardinalities |V(G)| = n and |E(G)| = m. For X 
V(G), G[X] will denote the subgraph of G induced by X.
The neighbor of a vertex v is N(v) = {w | vw  E(G)},
while N(X) (X  V(G)) is the set of vertices outside X
adjacent to at least one vertex of X. A clique is a set of
pairwise adjacent vertices and a stable set is a set of
pairwise nonadjacent vertices. A graph whose vertices
form a clique is called a complete graph. A graph G = (V,
E) is a star if there is a vertex u such that E = {uv : v  V –
{u}} . A chordless path on k vertices is denoted by Pk, a
chordless cycle on k vertices is denoted by Ck, while a Ck
with k  5 is called long cycle or hole. Let Z be a set of
graphs, we shall say that a graph G is Z-free if no induced
subgraph of G is isomorphic to a graph of Z.

2. Modular decomposition
This form of decomposition is known by different names:
Joint of family of graphs [Jol73], substitution
decomposition [MR84], lexicographic sum [Sab61], Xjoint [Hir51]. Modular decomposition can be seen as the
research of a partition of the vertex set of a graph into
modules.
Definition 1 Let G = (V, E) be a graph. A set A  V is
called a module if for every pair of vertices x, y of A, x and
y have the same neighbor in the exterior of A. (i.e.
N ( x)  A  N ( y )  A )
This notion of module appears also in the bibliography
under the terms: homogeneous part [Hab81], [Gal67],
autonomous set [MR84], perfect set [Gol80], interval
[Ill89], [Cou93], clan [ER90], [EGMS97]. The empty set,
the singletons, and the vertex set of a graph are its trivial
modules. A graph is called prime or indecomposable if its
modules are only the trivial modules.
Theorem 1 [Hab81] Let G = (V, E) be a graph such that
| V | 2 , then one of the following cases is hold :
a. G is not connected.
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nodes of this tree represent some graph operations that is
defined next, while its leaves correspond to prime graphs.
Definition 2 Let G1 = (V1, E1) and G2 = (V2, E2) be
nontrivial graphs. The graph G = (V, E) is said to arise
from G1 and G2 by a 0-operation (resp. 1-operation) if
and
V  V1  V2
E  E1  E2 (resp.

E  E1  E2  {xy : x  V1 , y  V2 } ).
Obviously, operation 0 and 1 reflect conditions a and b of
theorem 1.
A nontrivial module M of a graph G is called maximal if it
does not properly contained in any other module of G.
Definition 3 The characteristic graph C(G) of a graph G is
the graph obtained by shrinking every maximal module to
one representative vertex.
It is well known that if the graph G in theorem 1 (c) is not
prime then every S  P , |S| > 1, is a maximal module (see
for example [Bau96]). This show that the maximal prime
subgraph Y of G in theorem 1 (c) is isomorphic to the
characteristic graph C(G). Now we are able to define a 3operation that reflect condition c in theorem 1.
Definition 4 Let

Y  {( y1 ,..., yt }  V0 , E0 ) , Gi = (Vi,

Ei), i = 1, …, t be nontrivial arbitrary graphs. The graph
G = (V, E) is said to arise from Y and (G1, …, Gt) by a 3operation if :

V  ti 0 Vi
E  ( E0  {xyi : x  V0  { y1 ,..., yt }, i  1,...t}) ti 1 Ei  E   E 

With E' is obtained by making every vertex in Vi (i = 1, …,
t) adjacent to all vertices in V0 adjacent to yi, and E"
obtained by making every vertex in Vi (i = 1, …, t)
adjacent to all vertices in Vj if and only if yi y j  E0 .

unique partition P of V such that Y is a
maximal prime subgraph of G and all
S  P are modules with | S Y | 1

In other words, every vertex yi in Y is replaced by the
graph Gi. Note that Gi cannot represent a single vertex.
Further in order to admit a unique inverse for the 3operation we have to assume that every Gi remembers the
identity of the vertex yi it has replaced. With this notation
every graph G can be obtained uniquely from its maximal
prime subgraphs (which can also be single vertices) by a
finite sequence of operations 0, 1, and 3.

Theorem 1 assures a decomposition scheme for any graph
that is called modular decomposition. Obviously, a tree is
associated with modular decomposition. The internal

We are in a position to describe the formal construction of
the modular decomposition tree of an arbitrary graph G.
The details are shown by the following recursive

b.
c.

G is not connected.
There exists Y  V , | Y | 4 , and a
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procedure. Figure 1 illustrates a graph G and its modular
decomposition tree.

Fig 1. A graph G and its modular decomposition tree T(G)
Procedure Build Modular Decomposition Tree(G)
Input : an arbitrary graph G =(V,E);
Output : the modular decomposition tree T(G)
corresponding to G.
begin
if |V | = 1 then
return the tree T having G as its unique vertex;
else if G is disconnected then begin
let G1, …, Gp ( p  2 ) be the connected component of
G;
let T1, …,
Tp be the corresponding modular
decomposition trees rooted at r1,…, rp;
return the tree T(G) obtained by adding r1, …, rp as
children of a 0-node
end

G is disconnected then begin
let G1 ,..., G p ( p  2 ) be the connected components of

else if

G;
let T1, …,
Tp be the corresponding modular
decomposition trees rooted at r1,…, rp;
return the tree T(G) obtained by adding r1, …, rp as
children of a 1-node
end
else {now G satisfies condition (c) in Theorem 1} begin
let C(G) be the characteristic graph of G;
let α be the tree having the unique child C(G);
let Y1, …, Yp be the maximal modules of G;
let T1, …, Tp be the modular decomposition trees
corresponding to Y1, …, Yp,
rooted at r1, …, rp;
return the tree T(G) obtained by adding α, r1, …, rp as
children of a 3-node;
end {if};
end; {Build Modular Decomposition Tree}
The efficient construction of modular decomposition tree
was the subject of numerous works for a long time.
D.D.Cown, L.O.James and R.G.Stanton in [CJS72]

proposed an O(n4) algorithm, M.Habib and M.C.Maurer in
[HM79] and independently H.Buer and R.H.Mōring in
[BM83] proposed an O(n3) algorithm, then J.H.Mūller and
R.H.Spinard in [MS89] proposed an incremental O(n2)
algorithm. Independently, R.McConnell and J.Spinard in
[McS94], A.Cournier and M.Habib in [CH94], and
E.Dahlhaus, J.Gustedt and R.McConnell in [DGM97]
succeeded to obtain a linear algorithm in O(n + m) time.
Recently, Marc Tedder, Derek Corneil, Michel Habib, and
Christophe Paul. Developed in [TCHP08] developed a
simpler linear time algorithm. Finally E.Dahlhaus in
[Dah95b] also proposed a parallel algorithm in O((n +
m)logn) time.
The computation of modular decomposition is often the
first step in many algorithms because of its succinct
representation of a graph's structure. Indeed, since Gallai
first noticed its importance to comparability graphs
[Gal67], modular decomposition has been established as a
fundamental tool in algorithmic graph theory. All efficient
transitive orientation algorithms make essential use of
modular decomposition (e.g., [McS00], [McS97]). It is
frequently employed in recognizing different families of
graphs, including interval graphs [Mo85], permutation
graphs [PEL71], and cographs [CPS85]. Furthermore,
restricted versions of many combinatorial optimization
problems can be efficiently solved using modular
decomposition ([FM05], [Gia96], [GRT97a], [GRT97b],
and [GV97]). While the papers [[Mo85], [MR84]] provide
older surveys of its numerous applications, new uses
continue to be found, such as in the areas of graph drawing
[PV06] and bioinformatics [GKB04].

2.1 Totally decomposable graphs with respect to
modular decomposition
Note that a graph involving the operation 3 in its modular
decomposition tree can't be reduced to its vertex set by a
finite sequence of operations 0, 1, and 3, since the
operation 3 is not a combination of two separable graphs.
Thus the modular decomposition tree of a totally
decomposable graph contains only nodes of type 0 or 1.
This sort of graphs called Cographs were independently
discovered under various names and studied within various
context, it can be found in the literature under the names :
graphs D* [Jun 78] or graphs HD [Sum 74].
Definition 3 A cograph is defined recursively as follows :
1) A graph having one vertex is a cograph.
2) If
G1,
G2,…,Gk
are
cographs
G1  G2  ...  Gk is a cograph.
3) If G is a cograph then

G is a cograph.

then
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Clearly, this definition implies that any cograph can be
obtained from single vertices graphs by performing a finite
number of graph operations involving union and
complementation. It is also clear that this class of graphs is
self-complemented, that is the complement of a connected
cograph is necessarily not connected. Since the path P4 is
the smallest graph that is connected and its complement is
also connected then every cograph is P4-free. Lerchs in
[Ler78] studied the structural and algorithmic properties of
cographs and proved that the cographs are exactly the
graphs P4-free and that these graphs admit a unique up to
isomorphism tree representation. This tree representation
for a cograph G is obtained by associating with G a rooted
tree T(G) called a cotree, whose leaves are precisely the
vertices of G while the internal nodes are labeled by the
symbol  representing complemented union. In [Ler78]
it is proved that from the definition of a cograph we can
easily deduce that the complement of a connected cograph
is disconnected. Thus, a cograph can be reduced to single
vertices by recursively complementing connected
subgraphs, and for this reason cographs are also called
complement reducible graphs. A top-down traversal of
T(G) clearly describes this decomposition of a cograph G.
The internal nodes of a cotree T(G) can also be labeled by
0 and 1 in such a way that two vertices are adjacent in G, if
and only if their least common ancestor in T(G) is labeled
by 1. In this form, the cotree of a cograph G is the tree
T(G) of the modular decomposition of G (theorem 1). This
signifies that a graph is a cograph if and only if its modular
decomposition tree contains only nodes of types 0 or 1 (see
figure 2). In other words, the class of cographs is the
smallest class containing the graph reduced to one vertex
and closed under 0 and 1 operations.
Hence, this class of graphs provides an excellent paradigm
of graphs possessing a unique tree representation, and, for
such graphs, many results confirmed that a great number of
intractable problems have efficient algorithmic solutions
such as isomorphism, colouring, clique detection, clusters,
minimum weight dominating sets, minimum fill-in (the
smallest number of edges that have to be added to a graph
to obtain a chordal graph), and hamiltonicity [CLB81],
[CP84], [CPS84].

Fig. 2 A cograph G and its modular decomposition T(G)
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The design of a recognition algorithm for cographs is also
an interesting problem. The first linear time algorithm by
Corneil et al. [CPS85] incrementally builds a cotree,
starting from a single vertex and adding a new vertex at
each step of the computation. It should be mentioned that
Dahlhaus [Dah95a] proposed a nice parallel cograph
recognition algorithm. Finally M. Habib and C. Paul in
[HP05] proposed a simple linear time recognition
algorithm for cographs.

3. Homogeneous Decomposition
B.Jamison and S.Olariu introduced in [JO95] another form
of undirected graph decomposition called homogeneous
decomposition in connection with the notion of pconnectedness. Homogeneous decomposition generalizes
modular decomposition and produces a unique
decomposition tree for an arbitrary graph.
Definition 4 Let G = (V, E) be a graph. G is p-connected
if for every partition of V into nonempty subsets V1 and V2
of V some P4 in G contains vertices from both V1 and V2,
(i.e. a crossing P4). A maximal p-connected subgraph of G
is called p-component.
Definition 5 A p-component H of a graph G is separable if
V(H) admits a partition H1 and H2 such that every crossing
P4 of H has its intermediate vertices in H1 and its terminal
vertices in H2.
The structural theorem for p-connected graphs that lead to
homogeneous decomposition is the following.
Theorem 2 [JO95] For an arbitrary graph G = (V, E)
exactly one of the following four cases holds :
a) G is not connected.
b) G is not connected.
c) G is p-connected.
d) There is a unique proper separable p-component
H with a partition {H1, H2} such that every vertex
outside H is adjacent to all vertices in H1 and
independent of all vertices in H2.
As in modular decomposition, theorem 2 assures a
decomposition scheme for any graph called homogeneous
decomposition. A rooted tree is associated with a given
graph G, the leaves of this tree correspond to certain
subgraphs whereas the internal nodes represent several
graph operations. Obviously,
operations 0 and 1
(definition 2) reflect the conditions a and b in theorem 2.
Operation 2 that we are about to define will reflect
condition d. More precisely :
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Definition 6 Let H = (U, F) be a p-connected graph which
is separable with partition {U1, U2} and let K = (S, D) be
an arbitrary graph disjoint from H. The graph G = (V, E) is
said to arise from H and K by a 2-operation if V = U  S
and E = F  D  {xy : x  U1 , y  S} .
Note that now every graph unless it is p-connected, can be
obtained from its weak vertices (vertices that are contained
in no p-component) and its p-components by a finite
sequence of operations 0, 1 and 2 [JO95].
To be able to define the homogeneous decomposition we
notice that (according to theorem 1) the operation 3
(definition 3) reflects the condition c of theorem 2. Thus,
the next step of homogeneous decomposition is using the
3-operation on all p-components appearing in theorem 2
and further decomposing the appearing non trivial modules
with operation 0, 1, 2 and 3. Hence, every graph can be
obtained from its characteristic p-components and weak
vertices by a finite sequence of operations 0, 1, 2 and 3.
Finally, the homogeneous decomposition is achieved by
defining a 4-operation on all characteristic p-components
which are split graphs. More precisely :
A graph G = (V, E) is a split graph if there is a partition of
the vertex set V into nonempty disjoint sets K and S such
that K is a clique and S is a stable. This partition is not
unique in general. The relationship between split graphs
and separable p-components can be clarified the following
theorem :
Theorem 3 [JO95] A p-component B is separable if and
only if the characteristic p-component C(B) induces a split
graph.
It is easy to exhibit a unique tree representation of a split
graph which is the characteristic p-component [JO95]. To
clarify the last point, let the vertices of the split graph
partition into nonempty disjoint sets K and S inducing a
maximal clique and a stable set respectively. For every
vertex s in S, s  N (s) is a maximal clique as well. Now,
the unique tree representation is obtained by placing K at
the root and for all s in S, having the clique s  N (s) as
a child of the root.
Definition 7 Let G = (V, E) be a split graph and let {K, S}
be a partition of V into a maximal clique K and a stable set
S. The 4-operation defined on G is the association with G a
unique tree representation obtained by placing K at the root
and for all s in S having the clique s  N (s) as a child of
the root.

Now, we describe the formal construction of the
homogeneous tree of an arbitrary graph G by the following
recursive procedure.
Procedure Build Homogeneous Decomposition Tree (G)
Input : an arbitrary graph G =(V,E);
Output : the homogeneous decomposition tree T(G)
corresponding to G.
begin
if |V | = 1 then
return the tree T having G as its unique vertex;
else if G is p-connected then begin
let C(G) be the characteristic graph of G;
decompose C(G) by a 4-operation and let T' be the
corresponding tree rooted at a 4node;
let Y1, …, Yp be the maximal modules of G;
let T1, …, Tp be the homogeneous decomposition trees
corresponding to Y1, …, Yp,
rooted at r1, …, rp;
return the tree T(G) obtained by adding α, r1, …, rp as
children of a 3-node;
end
else if G is disconnected then begin
let G1, …, Gp ( p  2 ) be the connected component of
G;
let T1, …, Tp be the corresponding homogeneous
decomposition trees rooted at
r1,…, rp;
return the tree T(G) obtained by adding r1, …, rp as
children of a 0-node
end

G is disconnected then begin
let G1 ,..., G p ( p  2 ) be the connected components of

else if

G;
let T1, …, Tp be the corresponding homogeneous
decomposition trees rooted at
r1,…, rp;
return the tree T(G) obtained by adding r1, …, rp as
children of a 1-node
end
else {now G satisfies condition (c) in Theorem 2} begin
let G1 and G2 be the decomposition of G by a 2operation;
let T1, T2 be the corresponding trees rooted at r1 and r2;
return the tree T(G) obtained by adding r1, r2 as children
of a 2-node;
end {if};
end; {Build Homogeneous Decomposition Tree}

IJCSNS International Journal of Computer Science and Network Security, VOL.10 No.1, January 2010

Figure 3 illustrate the difference between modular
decomposition and homogeneous decomposition of the
graph of figure 1.
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decomposition can't involve the operation 3 in its
homogeneous decomposition tree. In the literature there
are two classes of graphs that are totally decomposable
with respect to homogeneous decomposition. This depends
on the structure of the separable p-components. The
smallest of them is the class of P4-reducible graphs which
was introduced in [JO89] as a natural generalization of the
class of cographs. Another class which generalizes both
cographs and P4-reducible graphs is the class of P4-sparse
graphs.
Definition 8 A graph G is P4-reducible graph if none of its
vertices belongs to more than one induced P4.
Jamison and Olariu in [JO89] proved the following
fundamental result which is a constructive characterization
of P4-reducible graphs.

Fig. 3 The homogeneous decomposition of the graph G in
figure 1.
A linear algorithm for the construction of homogeneous
decomposition of a graph has been obtained by S.
Baumann in [Bau96].
Note that for a number of classes of graphs the
homogeneous decomposition can already be achieved in
linear time including cographs [CPS85] (the modular
decomposition tree for a cograph is exactly its
homogeneous decomposition) as well as for a number of
graphs with only few induced P4s. P4-reducible graphs
[JO89], P4-sparse graphs [JO92] and P4-extendible graphs
[HS95] are amongst them. Given such a tree representation
for these graphs it is possible to find linear time algorithms
for several optimization problems which are NP-hard in
general. This is the case with the standard optimization
problems (including maximum clique/stable set minimum
vertex coloring/clique cover problems) [CLS81]. Other
example is deciding hamiltonicity and computing the path
cover number for P4-sparse and P4-extendible graphs
[HT95] as well as standard optimization and minimum fillin for P4-sparse graphs [JO95b]. Another class of graphs
with a simple P4- structure are the (q, t) graphs [BO95]
where for every induced subgraph with q vertices only t
P4s are allowed. In the case of the (q,q-4)-graphs linear
algorithms for recognition, isomorphism and the standard
optimization problems are known if the homogeneous
decomposition tree is available.

3.1 Totally decomposable graphs with respect to
homogeneous decomposition
As we noted in section 2.1, a graph that is totally
decomposable
with
respect
to
homogeneous

Theorem 4 [JO89] A graph G is P4-reducible if and only if
for every induced subgraph H of G exactly one of the
following conditions are satisfied :
a) H is disconnected;
b) H is disconnected;
c) There exists a unique P4 abcd in H such that
every vertex outside {a, b, c, d} is adjacent to
both b and c and nonadjacent to both a and d.
The homogeneous decomposition tree of a P4 abcd is a tree
having a root of type 4, marked by the clique bc and
having the children ab and cd that are of type 1.Thus by
theorem 4, a graph G is P4-reducible if and only if the
homogenous decomposition tree of G contains only nodes
of type 0, 1, 2 or 4 such that any node of type 4 is marked
by a clique of size exactly 2 (see figure 4). In other words,
the class of P4-reducible graphs is the smallest class
containing the graph reduced to one vertex and closed
under 0, 1, 2 and 4 operations such that any node of type 4
is marked by a clique of size 2.

Fig. 4 A P4-reducible graph and its homogeneous
decomposition tree
Definition 9 A graph G is P4-sparse graph if every set of
five vertices in G induces at most one P4.
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The characterization of P4-sparse graphs given by Jamison
and Olariu in [JO92] is based on a special graph called
spider whose definition is as follows :
A graph G is a spider if the vertex set V(G) admits a
partition into sets S, K and R such that :
a) S is a stable, K is a clique and |S| = |K|  2.
b) Every vertex in R is adjacent to all vertices in K and
misses all the vertices in S
c) There exists a bijection f between S and K such that
either N(x) = {f(x)} for every vertex x in S or else N(x) =
K-{f(x)} for every vertex x in S.

Originally, the decomposition was seen primarily as a tool
for dealing with directed graphs. Recently, however, the
undirected version of this decomposition has been used as
part of efficient algorithms for dealing with a number of
different classes of graphs.
Definition 2.8 Let G = (V, E) be a connected graph. A split
of G is a partition of V into two sets V1 and V2 of such
that :
1. | V1 | 2 and | V2 | 2 ,
2.

b) H is disconnected;
c) H is isomorphic to a spider.
Let G be a spider with partition {S, K, R} as above. Then
homogeneous decomposition tree of the characteristic
graph of G is a tree having a root of type 4, marked by a
clique of size at least 2 and having the children x  N(x)
where x is in S that are of type 1 .Thus by theorem 5, a
graph G is P4-sparse graph if and only if the homogenous
decomposition tree of G contains only nodes of type 0, 1, 2
or 4 such that any node of type 4 is marked by a clique of
size at least 2 (see figure 5). In other words, the class of
P4-sparse graphs is the smallest class containing the graph
reduced to one vertex and closed under 0, 1, 2 and 4
operations such that any node of type 4 is marked by a
clique of size at least 2.

W1  V1 and W2  V2
that

{uv : u  V1 , v  V2 }  {xy : x  W1 , y  W2 }

Observe that if a graph G is a spider then the characteristic
graph of G is a split graph.
Theorem 5 [JO92] A graph G is a P4-sparse graph if and
only if for every induced subgraph of H of G exactly one
of the following conditions are satisfied :
a) H is disconnected;

There exist two sets
such

Note that a module (definition 1) is a particular case of the
notion of split. Following this definition we define the
simple split decomposition of a connected graph G as
following.
Definition 4 Let G = (V, E) be a connected graph and {V1,
V2} be a split of G. The simple split decomposition of G is
the decomposition of G into G1 and G2 where Gi is the
subgraph of G induced by Vi with an additional vertex v
such that N Gi (v)  Wi (for i  {1,2} ).
The vertex v plays a special role and is called a marker.
Note that G1 and G2 are connected. A graph is a prime with
respect to split decomposition if it does not a split. It is
clear that the smallest connected graph that is a prime
consists of three vertices and every connected graph
having three vertices is a prime. We say that G is
decomposable into G1 and G2 if there is a split {V1, V2}
such that the simple decomposition of G by {V1, V2} gives
G1 and G2 (see figure 6).

Fig. 6 A graph with a split {V1, V2} and the simple
decomposition by {V1, V2}
Fig. 5 A P4-sparse graph and its homogeneous
decomposition tree

4. Split decomposition
This form of decomposition was developed by W.
Cunningham [Cun82] generalizes modular decomposition.

Additionally we define a related composition.
Definition 5 Let G1 = (V1, E1) and G2 = (V2, E2) be two
connected graphs, such that | V1 V2 | 1 . Let

{v}  V1  V2 . Then G1 * G2 is the graph G = (V, E )
where :
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(V1  V2 ) \ {v}
E = E(G1 )  E(G 2 )  {xy : x  N G1 ( v), y  N G 2 ( v)}
V=

\ {xv : x  V1  V2 }
Obviously if G is decomposable into G1 and G2 then G =
G1 * G2.
The split decomposition of a connected graph is the
recursive decomposition of the graph using the simple
decomposition until none of the obtained graphs can be
decomposed further. Therefore the split decomposition of
a graph gives a collection D of prime graphs. The split
decomposition tree of the graph G is the tree T in which
each vertex h corresponds to a prime graph Gh* in D.
Furthermore two vertices h and h' in T are adjacent if the
corresponding graphs Gh* and Gh'* share a common marker
(see Fig. 4). Cunningham [cun82] showed that every
connected graph has a unique decomposition by splits into
prime graphs, stars and complete graphs with minimum
number of components. Thus every connected graph can
be obtained uniquely from its minimal components which
are prime graphs, stars and complete graphs, by a finite
sequence of the operation *. It is not hard to see that if G
is not connected then the parameters we want to compute
on G can be easily computed from the parameters of the
connected components of G. The following recursive
procedure describes the formal construction of split
decomposition tree of an arbitrary connected graph.
Procedure Build Split Decomposition Tree (G)
Input : an arbitrary connected graph G = (V, E);
Output : the split decomposition tree T(G) corresponding
to G.
Begin
if V(G)  3 or G is prime then
return the tree T having G as its unique vertex;
else begin
find a split {V1, V2} of G;
write G = G1 * G2 as in definition 5;
let T1, T2 be the corresponding split decomposition trees
of G1 and G2 respectively;
return the tree T(G) having the two adjacent vertices T1
and T2;
end {if};
end {Build Split Decomposition Tree}
The first algorithm to compute a split decomposition was
given by Cunningham with a complexity of O(n3) [Cun82].
The complexity has been improved to O(nm) in [GHS89]
and to O(n2) in [MS94]. Finally Dahlhaus gave a linear
time algorithm in [Dah94].
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There are several papers presenting algorithms for
optimization problems
using split decomposition.
Cunningham gave an algorithm for the independent set
problem [Cun82]. Cicerone and Di Stefano showed how to
apply this algorithm to parity graphs [CD99]. Split
decomposition was also used for circle graph recognition
([GHS89], [Spi94] ) and parity graph recognition [Dah00].
M. Rao in [Rao08] showed how to use the split
decomposition to solve some NP-hard optimization
problems on graphs. The author gave algorithms for clique
problem and domination type problems. In addition, he
presented an algorithm to compute a coloration of a graph
using its split decomposition. Finally he showed that the
clique width of a graph is bounded if and only if the clique
width of each representative graph in its split
decomposition is bounded.

Fig. 7 A graph and its split decomposition tree. The
markers are v, w, x, y and z.

4.1 Totally decomposable graphs with respect to split
decomposition
P.L. Hammer and F. Maffray in [HM90] provided a
characterization for the undirected graphs that are totally
decomposable by split decomposition (i.e. those graphs
that can be decomposed until obtaining only graphs
having less than four vertices). This family of graphs is
called in [HM90] completely separable graphs and
characterized by theorem 6. In this theorem, a long cycle
means a cycle with at least five vertices. A chord of a cycle
is any edge joining two nonconsecutive vertices of the
cycle, Two chords ac and bd are crossing if the four
vertices a, b, c, d lie in this order on the cycle.
Theorem 6 [HM90] The following properties are
equivalent :
a) G is completely separable;
b) G contains none of the configurations shown in
figure 8;
c) Every long cycle has two crossing chords;
d) Every induced subgraph of G has a module
consists of two vertices or a vertex having exactly
one neighbor;
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e)

Given any two vertices u and v, all paths from u
to v have the same length.

Fig. 8 The forbidden configuration of completely separable
graph
Linear time algorithms for the recognition, maximum
weighted stable set and maximum weighted clique for
completely separable graphs are proposed in [HM90].

5. Conclusion and Future work
In solving optimization problems on graphs, graph
decomposition is considered to be a powerful tool for
obtaining efficient solutions of these problems. Classes of
graphs that have been extensively studied in this sense are
totally decomposable graphs. In this paper we have given
an overview about the most known methods of graph
decomposition and the classes of graphs that are totally
decomposable with respect to these methods. From the
viewpoint of modular decomposition, every graph can be
obtained uniquely from its maximal prime subgraphs
(which can be single vertices) by a finite sequence of
operations 0, 1, and 3. The smallest decomposable graph
with respect to modular decomposition is the cograph.
From the viewpoint of homogeneous decomposition, every
graph can be obtained from its characteristic p-components
and weak vertices by a finite sequence of operations 0, 1,
2, 3 and 4. The smallest decomposable graph with respect
to homogeneous decomposition is the P4-reducible graph.
From the viewpoint of split decomposition, every
connected component of a graph can be obtained uniquely
from its minimal components which are prime graphs, stars
and complete graphs, by a finite sequence of the operation
*. The smallest decomposable graph with respect to split
decomposition is the completely separable graph.
The only linear algorithm for the homogeneous
decomposition was proposed by Baumann in 1996
[Bau96]. This algorithm is an extended of the modular
decomposition algorithm developed independently by

McConnell and Spinard [McS94] and Cournier and Habib
[CH94]. These algorithms are unfortunately so complex
and viewed as theoretical contributions. Recently, a simple
linear modular decomposition algorithm
has been
developed by Tedder et al. in [TCHP08]. A promising
future direction is the development of a simple linear
homogeneous decomposition using the strategy in
[TCHP08]. Also all linear algorithms proposed for P4reducible graphs and P4-sparse graphs in [JO89] and
[JO92] respectively are complex and a considerable effort
is necessary to understand them. It is interesting to design a
simple recognition algorithms for these classes by studying
the algorithmic framework used in [HP05] for a simple
cograph recognition. Finally designing a simple linear time
split decomposition still an open problem.
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