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Abstract

The inverse scattering method is used for the 3×3− dimensional Lax operators. The
Gelfand-Levitan-Marchenko equation for a 3− dimensional Lax pair is derived. Based
on this, we find soliton solutions for the complex Ginzburg-Landau, the nonlinear
Schr̈odinger and complex modified Korteweg-de Vries equations.
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1. Introduction

Now many papers [1-3] are devoted to wave solutions of nonlinear evolution equations
(NLEEs) and their number is increasing. In recent years, along with the study of one-
dimensional waves, an interest in multi-dimensional waves has developed. This interest
was stimulated by observation of spinning waves in combustion, spiral wavesin chemical
kinetics, etc. The big quantity of natural science problems mentioned above leads to wave
solutions of the NLEEs and a classification has been developed for such equations of the
form

ut = F(u,ux, ...,uxk), uxk = ∂ku/∂xk, (1)

such that the one-forms,
ωi = fi1dx+ fi2dt, 1≤ i ≤ 3,

satisfying the structure equations of a surface of constant Gaussian curvatureK =−1,

dω1 = ω3∧ω2, dω2 = ω1∧ω3, dω3 = ω1∧ω2.
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It takes a straightforward computation to verify that the above equation is equivalent to
saying that

dν = Ων,

whered denotes exterior differentiation, ν =





ν1

ν2

ν3



 , whereν is a vector and the 3×3

matrixΩ (Ωi j , i, j = 1,2,3) is tracelesstrΩ = 0, and consists of a one-paramter(η), family
of one-forms in the independent variables(x, t), the dependent variableu and its derivatives.

They also gave a geometrical method for constructing Bäcklund transformations (BTs)
and conservation laws for these equations [4,5].

They observed that most of the NLEEs solvable by the inverse scattering method (ISM)
[6-8], such as the Korteweg-de Vries equation (KdVE) and modified Korteweg-de Vries
equation (mKdVE), have the property of describing pseudo-sphericalsurfaces (pss). They
also showed that iff21 is equal to a constant parameterη and the functionsf11 and f31 do
not depend onη, then the linear systemdν = Ων reduces to the inverse scattering problem
(ISP) considered by Ablowitz et al. in [6] withη corresponding to the spectral parameter.

The classification and solution by ISM for equations of more general type than (1)
which also describe pss were considered in subsequent papers [9-11], still under the as-
sumption thatf21 is a constant parameter. Independent of the connections between DEs
describing pss and ISM, there are other important aspects of these equations that need to be
further investigated. Indeed, while the assumption thatf21 is a constant parameter is natural
in the context of ISP, the problem of classifying DEs describing pss without that restrictive
assumption is a question of genuine geometrical interest [12,13].

The main aim of this paper is to use the ISP in reference [14] by consideringν as
a three component vector andΩ as a traceless 3× 3 matrix one-form. We also obtain
the solutions of the Gelfand-Levitan-Marchenko equation (GLME) and soliton solutions
for some PDEs which describe pss (the complex Ginzburg-Landau equation (cGLE), the
nonlinear Schr̈odinger equation (NLSE) and complex modified Korteweg-de Vries equation
(cmKdVE) [15-21]).

The paper is organized as follows. In section 1 we introduce the important of ISP and
the geometrical method to some PDEs which are very useful in several areas of physics
as may be seen from the numerous references [15-22]. Section 2 dealswith the solutions
of Gelfand-Levitan-Marchenko equation and consequently find soliton solutions for cGLE,
NLSE and cmKdVE. Section 3 contains the conclusion.

2. The Solution of Gelfand-Levitan-Marchenko Equation

We now obtain the ISM for the 3×3− dimensional Lax operators [23-28]

νx = L(x, t,η)ν, νt = M(x, t,η)ν, (2)

where the Lax operatorsL(x, t,η) and M(x, t,η) are 3× 3− matrices. We have broadly
followed the treatment of Manakov, developed in the context of 3×3− Lax operators [29].
In order to formulate the scattering problem we assume that the family of Jost functions
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ψ(1),ψ(2),ψ(3) andν(1),ν(2),ν(3) of (2) satisfy the following boundary conditions for values
of η.

ψ(1) |x→−∞→ a1eηx, ψ(2) |x→−∞→ a2eηx, ψ(3) |x→−∞→ a3e−ηx. (3)

Similarly, other set of Jost functions satisfy the boundary conditions

ν(1) |x→∞→ a1eηx, ν(2) |x→∞→ a2eηx, ν(3) |x→∞→ a3e−ηx. (4)

In Eqs. (3), (4)a1,a2 anda3 are the basis vectors in an 3− dimensional vector space.
Noting that the set of Jost functions (3), (4) also satisfy the orthogonalitycondition, that is
[26,30-33],

ψ(k)†ψ( j) = ν(k)†ν( j) = δk j, k, j = 1,2,3. (5)

Since vectorsν(k) form a complete set of solutions of (2), hence,

ψ(k)(x,η) =
3

∑
j=1

αk j(η)ν( j)(x,η), (6)

whereαk j(η) is the(k j)th element of scattering data matrix(det[αk j] = 1), by using (5)
and (6),αk j is expressed in the form

αk j(η) = ν( j)†(x,η)ψ(k)(x,η), α⋆
k j(η) = ψ(k)†(x,η)ν( j)(x,η). (7)

The orthogonality property of the scattering data matrix elements for real eigenvalueη,
subsequently follows from (3), (4) and (7) and thus we obtain

3

∑
k=1

αi j (η)α jk(η) = δi j , (8)

which finally gives

ν(k)(x,η) =
3

∑
j=1

α⋆
jk(η)ψ

( j)(x,η). (9)

It is further interesting to see, by exploiting the properties of the[αk j] and[α⋆
k j] matrices,

that we can write the elementα⋆
k j as the cofactor of the elements of the matrixαk j. In

particular, theα⋆
3k element can be written as

α⋆
3k = (−1)3+idet[ᾱ3k], (10)

where[ᾱ3k] is an 2× 2 matrix, constructed from the 3× 3 scattering[α3k] matrix, [αk j],
with the three row and one or two column being omitted, i.e.det[ᾱ3k] is the minor ofα3k

element of the scattering matrix,[αk j]. Now by using (6) and (10), we obtain the following
useful relations among the Jost functionsψ(k) andν(k). The Jost functions in (6) satisfy

1
α⋆

33(η)

2

∑
j=1

(Ad j[ᾱ33])k jψ( j)e−ηx = ν(k)e−ηx− α⋆
3k

α⋆
33

ν(3)e−ηx, (11)

with k= 1,2, but the three Jost functionsψ(3), obeys the relation

ψ(3) = α31(η)ν(1)+α32(η)ν(2)+α33(η)ν(3). (12)
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Noting that in deriving (11) and (12), we have used the following properties of the
scattering data matrix:

α⋆
3kδi j =

2

∑
l=1

([ᾱ3k])il (Ad j[ᾱ3k])l j . (13)

It is important to mention that the analyticity properties of the Jost functions andthe
elements of the scattering matrix may be obtained from (10) and (12).

Now we are going to derive the GLME for an 3− dimensional Lax pair. Let us consider
an integral representation of the Jost functionν(k) for (k = 1,2,3). For the Jost functions
we may choose the following integral representations:

ν(1)(x,η) = a1eηx+
∫ ∞

x
K(1)(x,y)eηydy, (14)

ν(2)(x,η) = a2eηx+
∫ ∞

x
K(2)(x,y)eηydy, (15)

ν(3)(x,η) = a3e−ηx+
∫ ∞

x
K(3)(x,y)e−ηydy, (16)

where the kernelsK(1),K(2) andK(3) are 3− dimensional column vectors, which may be
written explicitly in component form as

K(i)(x,y) =
3

∑
j=1

K(i)
j (x,y)a j , i = 1,2,3. (17)

Substituting (14)-(16) in (12), we obtain

1
α33

ψ(3) = a3e−ηx+
∫ ∞

x K(3)(x,y)e−ηydy+ α31
α33

∫ ∞
x K(1)(x,y)eηydy+

α32
α33

∫ ∞
x K(2)(x,y)eηydy+[α31

α33
a1+

α32
α33

a2]eηx.
(18)

Multiplying both sides of (18) by1
2π

∫ ∞
−∞ e−ηzdη, with the assumptionz> x and using

the analyticity property of the Jost function, it follows that

1
2π

∫ ∞
−∞

ψ(3)

α33
e−ηzdη = K(3)(x,z)+ 1

2π
∫ ∞
−∞[

α31
α33

a1+
α32
α33

a2]e−η(x+z)dη+
1
2π

∫ ∞
−∞[

∫ ∞
x (α31

α33
K(1)(x,y)+ α32

α33
K(2)(x,y))eη(y+z)dy]dη.

(19)

In order to obtain the complete analytic behavior of the Jost functions vis-a-vis scat-
tering data the domain ofη is extended to complex plane. It can be shown that the func-
tions ψ(1)e−ηx,ψ(2)e−ηx and ν(3)eηx are analytically continued into the upper half-plane
Im(η) ≥ 0 whereasν⋆(1)e−ηx,ψ⋆(2)e−ηx and ψ⋆(3)eηx are analytically continued into the
lower half-plane. Consequently the scattering element,α⋆

33(η) and all elements of the ma-
trix [ᾱ33(η)] are analytic in the upper half-plane andα33(η) and all elements of the matrix
[ᾱ⋆

33(η)] are analytic in the lower half-plane. It is important to note that the bound states
of the eigenvalue equation (2) correspond to zeros ofα33(η) in the lower half-plane. We
assume that the bound states are located atη⋆

j (Im(η)≥ 0) for j = 1,2, . . . ,N, where 1
α33(η)

hasN simple poles. Moreover, we assume that at the simple polesη⋆
j ,ψ(3) has the form

[29-33]
ψ(3)(x,η⋆

j ) =C( j)
31 ν(1)(x,η⋆

j )+C( j)
32 ν(2)(x,η⋆

j ), (20)
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whereC( j)
31 andC( j)

32 in Eq. (20) represent the values of the scattering parametersα31 and
α32 at the position of thej th pole. With these assumptions, the L.H.S. of (19) becomes

−i
N

∑
j=1

eη⋆
j z

α′
33(η⋆

j )
[C( j)

31 ν(1)(x,η⋆
j )+C( j)

32 ν(2)(x,η⋆
j )], (21)

whereα′
33 denotes the derivative w.r.t.η. By substituting the integral representations of

ν(1)(x,η⋆
j ),ν(2)(x,η⋆

j ) from (14), (15) and (21), i.e. the L.H.S. of (19) finally reduces to

−i ∑N
j=1

e
η⋆j z

α′
33(η

⋆
j )
[(C( j)

31 a1eη⋆
j x+C( j)

31

∫ ∞
x K(1)(x,y)eη⋆

j ydy)+

(C( j)
32 a2eη⋆

j x+C( j)
32

∫ ∞
x K(2)(x,y)eη⋆

j ydy)].
(22)

Let us now introduce a functionF1(x+y),F2(x+y)

F1(x+y) = i ∑N
j=1

C( j)
31 e

η⋆j (x+y)

α′
33(η

⋆
j )

+ 1
2π

∫ ∞
−∞

α31(η)
α33(η)e

η(x+y)dη,

F2(x+y) = i ∑N
j=1

C( j)
32 e

η⋆j (x+y)

α′
33(η

⋆
j )

+ 1
2π

∫ ∞
−∞

α32(η)
α33(η)e

η(x+y)dη.
(23)

In terms of the function,F1(x+ y),F2(x+ y) in (23), (22) and (19) together can be
written in a compact form as

K(3)(x,z)+a1F1(x+z)+a2F2(x+z)+
∫ ∞

x K(1)(x,y)F1(y+z)dy+∫ ∞
x K(2)(x,y)F2(y+z)dy= 0.

(24)

The integral (24) is one of the desired GLMEs for the kernelK(3). Other integral equa-
tions for the kernelsK(1),K(2) can be obtained from (11) and (14)-(16) in a way similar to
that of (24). The integral equations for the kernelsK(1),K(2) thus turn out to be of the form

K(1)(x,z)−a3F⋆
1 (x+z)− ∫ ∞

x K(3)(x,y)F⋆
1 (y+z)dy= 0,

K(2)(x,z)−a3F⋆
2 (x+z)− ∫ ∞

x K(3)(x,y)F⋆
2 (y+z)dy= 0,

(25)

providedz> x. In deriving (25) we have used the following identities:

C⋆
31 = α⋆

31(η j) = ∑2
i=1[ᾱ31(η j)]ki(Ad j[ᾱ31(η j)])il δkl,

C⋆
32 = α⋆

32(η j) = ∑2
i=1[ᾱ32(η j)]ki(Ad j[ᾱ32(η j)])il δkl.

(26)

The set of coupled equations (24) and (25) may be called generalized GLMEs. Substi-
tuting now (17) and (25) into (24), to a first approximation, we find the GLMEfor the one
and two component ofK(3):

K(3)
1 (x,z)+F1(x+z)+∑2

m=1
∫ ∞

x K(3)
1 (x,s)ds

∫ ∞
x Fm(y+z)F⋆

m(y+s)dy= 0,

K(3)
2 (x,z)+F2(x+z)+∑2

m=1
∫ ∞

x K(3)
2 (x,s)ds

∫ ∞
x Fm(y+z)F⋆

m(y+s)dy= 0,
(27)

which will be used later to find the soliton solutions for the cGLE, NLSE and cmKdVE.
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(a) Soliton Solution of cGLE

Let us now assume an explicit form of the Lax pair,L(x, t,η) andM(x, t,η), associated
with cGLE

iut +2puxx+ p|u|2u− iµu= 0, (28)

wherep is a complex constant andµ is real constant, as

L(x, t,η) =





0 −1
2 (ue−µt +u∗eµt) −1

2 (ue−µt −u∗eµt)
1
2(ue−µt +u∗eµt) 0 −η
−1
2 (ue−µt −u∗eµt) −η 0



 ,

M(x, t,η) =





0 m1 −m2

−m1 0 −m3

−m2 −m3 0



 , m1 = [(ipu∗x − iηpu∗)eµt − (ipux+ iηpu)e−µt],

(29)
m2 = [(iηpu+ ipux)e

−µt +(ipu∗x − iηpu∗)eµt], m3 = [2iη2p+ ip|u|2]
such thatL(x, t,η) andM(x, t,η) must satisfies the compatibility condition,

Lt −Mx+[L,M] = 0.

To obtain soliton solutions, let us associate dynamical fieldsui(x, t), i = 1,2 with the

kernelsK(3)
i in (27). Substituting (16) into the Lax equation (2) we find

ui(x) =−2K(3)
i (x,x), (30)

and consequently, it is evident that the solution of (27) gives rise to solitonsolutions in terms
of scattering data elements. But before solving (27), we first compute the timeevolution of
the scattering data element. Noting that as|x| → ∞, the Lax equations (2), (28) leads to

νt =−2ipη2M0ν, M0 =





0 0 0
0 0 1
0 1 0



 , (31)

which, in turn, determines the time evolution of the scattering data elements. For example,
the scattering data elementsα3i(η, t) evolve with time as

α3i(η, t) = α3i(η,0)e−4ipη2t , i = 1,2 (32)

while the elementα33(η, t) is time invariant:

α33(η, t) = α33(η,0). (33)

which eventually justifies conjecture given in [25] thatα33, indeed, can be associated with
the conserved quantities. From (9) and (20) it follows that the coefficients C( j)

31 ,C
( j)
32 also

satisfy a similar time dependence asα31,α32 in (31) and thus

C( j)
3i (η j , t) =C( j)

3i (η j ,0)e
−4ipη2

j t , i = 1,2. (34)
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If we now restrict ourselves to the soliton sector,α31,α32 becomes trivial and the func-
tion F1(x+y),F2(x+y), in this case, reduces to

Fp(x+y) = i
N

∑
j=1

C( j)
3p eη⋆

j (x+y)

α′
33(η⋆

j )
, p= 1,2. (35)

The time dependence of the functionFp(x+y) may be obtained immediately from (33)
as

Fp(x+y) = i
N

∑
j=1

C( j)
3p (η,0)e

−4ipη⋆2
j teη⋆

j (x+y)

α′
33(η⋆

j )
. (36)

To solve the integral equation (27) for the soliton solutions, the kernelsK(3)
p (x,y) are

assumed to be of the form

K(3)
p (x,y) = i

N

∑
j=1

ωp j(x, t)e
η⋆

j y, p= 1,2. (37)

Substituting (35) and (26) into (27), we obtain a set of two algebraic equations,

K(3)
p (x,x)+Fp(x+x)−

N

∑
j,k,l=1

2

∑
r=1

ωple
η⋆

j xC( j)
3r (0)

C⋆(k)
3r (0)e(−2ηk+η⋆

j+η⋆
l )x−4ip(η2

k−η⋆2
j )t

(ηk−η⋆
j )(ηk−η⋆

l )α
′
33(η⋆

j )α⋆′
33(ηk)

= 0.

(38)
Solving (37) forKp(x,y) and subsequently using (29), theN− soliton solutions for each

dynamical fieldui(x, t) can be expressed as

ui(x, t) =−2
N

∑
j=1

(ΘΦ−1)i j e
η⋆

j x, i = 1,2. (39)

whereΘ andΦ are respectively 2×N andN×N matrices whose explicit forms are given
by

(Θ)i j = iC( j)
3i (0)e

η⋆
j x−4ipη⋆2

j t ,

(Φ)i j =
2

∑
p=1

N

∑
k=1

C( j)
3p (0)

C⋆(k)
3p (0)e(−2ηk+η⋆

j+η⋆
i )x+4ip(η2

k−η⋆2
j )t

(ηk−η⋆
j )(ηk−η⋆

i )α′
33(η⋆

j )α⋆′
33(ηk)

−δi j .

Let us now consider an explicit form of one soliton. The one-soliton solution, which
follows from (38), can be written in the following form:

ui(x, t) =
2Fi(x+x)

1+∑2
p=1 |Fp(x+x)|2 1

(η1−η⋆
1)

2

, (40)

where

Fp(x+y) = i
C( j)

3p (η;0)

α′
33(η⋆

1)
e−4ipη⋆2

1 t+(x+y)η⋆
1.
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The dynamical fieldsui(x, t) in (39) can be expressed in a more conventional way, by
choosing the position of the pole atη1 =

1
2(−λ+ iξ) and by introducing

eγi+iδi =
C(1)

3i (η;0)
ξα′

33(η⋆
1)

,

and the solution is

ui(x, t) =
2iξeγi+ρ1

1+e2(γ1+γ2)+ρ2
, (41)

where
ρ1 =−ξx+ p(ξ2−2λ2)t +µt+ i(δi +λx+λ2t −2λξt),

ρ2 =−2ξx+2p(ξ2−2ξλ)t.

Once again, if we specialize to the cGLE, each independent fieldui(x, t), depending on
the models, reduces tou or tou⋆ and as a consequenceui(x, t) in (40) yields

u(x, t) =
iξ√
2

eiρ3(x,t)sechρ4(x, t), (42)

where

ρ3 = λx+ p(λ2−2λξ)t +µt+δ, ρ4 = ξx− p(ξ2−2λ2)t − γ− 1
2

ln2,

(b) Soliton Solution of NLSE

The Lax pairL(x, t,η) andM(x, t,η), associated with NLSE

iut +2uxx+u2u∗ = 0, (43)

as

L(x, t,η) =





0 −1
2 (u+u∗) −1

2(u−u∗)
1
2(u+u∗) 0 −η
−1

2(u−u∗) −η 0



 ,

M(x, t,η) =





0 m4 −m5

−m4 0 −m6

−m5 −m6 0



 , m4 = [−iη(u+u∗)+ i(u∗x −ux], (44)

m5 = [iη(u−u∗)+ i(ux+u∗x], m6 = [2iη2+ iuu∗],

such thatL(x, t,η) andM(x, t,η) must satisfies the compatibility condition,

Lt −Mx+[L,M] = 0.

Noting that asymptotically the auxiliary field,ν(x, t) obeys a simple relation

ν(x, t) = e(ηx−2iη2t)M1, M1 =





0 0 0
0 0 1
0 1 0



 . (45)
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proceeding as for the cGLE we obtain,

u(x, t) =
iξ√
2

eiρ5(x,t)sechρ6(x, t), (46)

where

ρ5 = λx+(λ2−2λξ)t +δ1, ρ6 = ξx− (ξ2−2λ2)t − γ1−
1
2

ln2,

whereγ1 andδ1 are determined by the initial conditions and we assume that the simple pole
is situated in the upper plane atη1 =

1
2(−λ+ iξ) for one soliton solution.

(c) Soliton Solution of cmKdVE

This an example of a cmKdVE and goes to mKdVE for the real valued field

ut = uxxx+6|u|2ux+3(|u|2)xu. (47)

The explicit form of Lax pairsL(x, t,η) andM(x, t,η) can be written as follows

L(x, t,η) = ηP+Q,

M(x, t,η) = 2
3η2P− 2

3(η
2−|u|2)Q− 1

3ηP(Q2−Qx)+
1
6Qxx+

1
6(QQx−QxQ),

(48)

with

P=





1 0 0
0 1 0
0 0 −1



 , Q=





0 0 u
0 0 u∗

−u∗ −u 0



 .

It is interesting to note thatP andQ satisfy the conditions

P2 = 1, PQ+QP= 0 and Q3+2|u|2Q= 0. (49)

In order to obtain soliton solutions through ISM in our case, we have generalized the
2×2 AKNS type eigenvalue problem [16] to 3×3 eigenvalue problem. Noting that asymp-
totically the auxiliary field,ν(x, t) obeys a simple relation

ν(x, t) = e(ηx+ 2
3η2t)P, (50)

for the whole family of Lax pairs (46) and it depends only on the dimensions of the matrix
Lax pair. Consequently the scattering data matrix, which, by definition, connects the Jost
functions,ψ(i)(x,η)|x=−∞ to the Jost functions,ν(i)(x, t)|x=∞ for i = 1,2,3 evolves with
time in some universal form. Finally, by the same way we solving GLMEs (27) one soliton
solution may be expressed in a simple form

u(x, t) =−2
3

ξ
√

2eiρ7(x,t)sechρ8(x, t), (51)

with

ρ7 = λx− 2
3
(λ2−ξ2)t +δ2, ρ8 = ξx+

2
3
(ξ2−λ2)t − γ2−

1
2

ln2,

whereγ2 andδ2 are determined by the initial conditions and we assume that the simple pole
is situated in the upper plane atη1 =

1
2(−λ+ iξ) for one soliton solution.
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3. Conclusion

We used the inverse scattering method (ISM) by consideringν as a three component
vector andΩ as a traceless 3× 3 matrix one-form. The latter yields directly the curvature
condition (Gaussian curvature equal to -1, corresponding to pseudo-spherical surfaces).
We derived the Gelfand-Levitan-Marchenko equation for a 3-dimensional Lax pair and ob-
tained soliton solutions for cGLE, NLSE and cmKdVE.
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